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On the basis of the exat relations the general formula for the stati dieletri permittivity
ε(q, 0) for Coulomb system is found in the region of small wave vetors q. The obtained formula
desribes the dieletri funtion ε(q, 0) of the Coulomb system in both states in the "metalli" state
and in the "dieletri" one. The parameter whih determines possible states of the Coulomb
system - from the "true" dieletri till the "ideal" ondutor is found. The exat relation for the
pair orrelation funtion for two-omponent system of eletrons and nulei gec(r) is found for the
arbitrary thermodynami parameters.
PACS number(s): 64.10.+h, 05.70.Ce, 52.25.Kn, 64.60.Bd
1. Long wavelength dieletri funtion for Coulomb system: between dieletri and metalli states.
We onsider the stati dieletri permittivity ε(q, 0) for the homogeneous and isotropi Coulomb system. The
funtion ε(q, 0) is determined as the proportionality oeient between the potential U tot(q, 0) of the total eletri
eld in the medium and the external eld potential Uext(q, 0) [1℄
U tot(q, 0) =
Uext(q, 0)
ε(q, 0)
. (1)
Aording to [2,3℄ the funtion ε(q, 0) is onneted with the stati polarization operator Π(q, 0), whih determines
the response of the system on the sreened external eld by the relation
ε(q, 0) = 1−
4pi
q2
Π(q, 0), (2)
Π(q, 0) =
∑
a,b
zazbe
2Πa b(q, 0), (3)
where zae, ma and na are the harge, the mass and the average density of the partiles of the sort a in the system
with the hemial potentials µa at temperature T . The system is onsidered under the ondition of quasineutrality∑
a
ezana = 0 (4)
The funtions Πab(q, 0) are the partial polarization operators of the partile speies a and b. In diagram tehnique
[2,3℄ the funtions Πab(q, 0) are the irreduible (on one-line of the Coulomb interation in the q-hannel) parts of the
appropriate "density-density" Green funtions χab(q, 0), whih determine response of the system on an external eld.
In ontrast with the Green funtions χab(q, 0) of the Coulomb systems, the polarization funtions Πab(q, 0) do not
onsist the singularities and are the smooth funtions in the region of small wave vetors q (at least for the normal
systems). Therefore, the funtions Πab(q, 0) for the small values of q an be represented in the form
Πa b(q, 0) ≃ pi
(0)
a b + q
2pi
(2)
a b , (5)
pi
(0)
a b = limq→0Πa b(q, 0), pi
(2)
a b = limq→0
[
Πa b(q, 0)− limq→0Πa b(q, 0)
q2
]
. (6)
In [4,5℄ it was shown that
pi
(0)
a b = −
(
∂na
∂µb
)
T
. (7)
2Eq. (7) is the generalization for the many-omponent Coulomb system the well known result for the model ase of
the one-omponent eletron liquid, where this kind of equality is alled "the sum rule for ompressibility"[6℄
pi(0)e e = −
(
∂ne
∂µe
)
T
= −n2eK
e
T , KT = −
1
V
(
∂V
∂P
)
T
, (8)
where V, P and KT are respetively the volume, pressure and the isothermal ompressibility of the Coulomb system.
In one's turn, for the two-omponent Coulomb system whih onsists the eletrons (index - e) and nulei (index - c),
the limiting relations [4,5℄ for the stati struture fators Sa b(q) an be found on the basis of Eq. (8)
limSc c(q → 0) = ncTKT ; limSc c(q → 0) =
nc
ne
limSe e(q → 0) =
(
nc
ne
)1/2
limSe c(q → 0) (9)
The funtions Sa b(q) are measured diretly, inluding the ritial point region [7℄, in the experiments on the neutron
sattering. By inserting (5), (6) in (2) and (3) we obtain in the long-wavelength limit (the small values of q) for the
dieletri funtion of the Coulomb system of an arbitrary omposition the following relations
ε(q, 0) = εst0 +
κ2
q2
, κ2 = −4pi
∑
a b
e2zazbpi
(0)
a b = 4pi
∑
a b
e2zazb
(
∂na
∂µb
)
T
(10)
εst0 = 1 + 4piα, α = −
∑
a b
e2zazbpi
(2)
a b (11)
It is evident, that all the oeients in Eqs. (10), (11) are the funtions of the thermodynami parameters of the
Coulomb system. By use of the grand anonial ensemble one easily arrive [8℄ at the equality
T
(
∂na
∂µb
)
T
=
1
V
< δNaδNb >, δNa = Na− < Na >, (12)
where na =< Na > /V , Na is the operator of the total number of partiles of the sort a and the brakets < ... >
means the averaging on the grand anonial ensemble.
Inserting (12) in (10) and taking into aount the quasineutrality ondition we nd for the Coulomb system at the
arbitrary parameters
κ2 =
4pi
T
< Z2 >
V
≥ 0, Z =
∑
a
zaeNa. (13)
We have mention that the sign of the value α whih is introdued by Eq. (11) is not determined in the moment. It is
easy to see from (11) that the value κ oinides in the appropriate limiting ases with the Debye and the Thomas-Fermi
wave vetors (see, e.g., [3℄).
As an illustration, let us onsider the ation of the point harge on the innite homogeneous Coulomb system.
Then, taking into aount (1), in r-spae we obtain
U tot(r)
Uext(r)
=
2
pi
∫
∞
0
dq
q
sin(q r)
ε(q, 0)
(14)
In the limit r →∞ from Eqs. (10), (14) diretly follows
U tot(r)
Uext(r)
→
1
εst0
exp(−r/Rscr), Rscr =
(
εst0
κ2
)1/2
, (15)
where Rscr is the eletrostati eld penetration length in matter, or the sreening radius, aording to the terminology,
aepted in the theory of non-ideal plasma (see, e.g., [9℄). This value, as it follows from (10), haraterizes the depth
of penetration for the eletromagneti eld in the medium.
In the limiting ase
4pi
TV
< Z2 >→ 0, κ2 → 0 (16)
3the sreening radius Rscr tends to innity
Rscr →∞ (17)
Therefore, when the ondition (16) is fullled, the Coulomb system manifests itself as an "true"dieletri, whih
hanges only the amplitude of the eletrostati eld on the value εst0 (11). In this sense the value ε
st
0 an be treated as
the dieletri onstant of the medium. Aordingly, the value α in (11) an be onsidered as the eletri polarization
of the medium.
It is neessary to stress the essential irumstane. As in the ase of "traditional" onsideration of the "metal-
dieletri" transition on basis of the analysis of the eletron ondutivity (see, e.g., [10℄,[11℄), one an maintain the
relative harater of the division of matter on dieletris and ondutors, sine all dieletris possess the non-zero
ondutivity for T 6= 0. The similar statement is applied to the depth of penetration Rscr (15) of the eletrostati
eld in matter. In metals the penetration depth is very small in ontrast with dieletris, where it an be of one order
with the size of the system.
The indiret onrmation of this statement ontains in [3℄, where the generalized random phase approximation for
alulation of the polarization funtion Π(q, 0) is developed. This approximation permits to take into aount the
bounded states of the eletrons and nulei. In fat, it means the possibility to separate the states in the Coulomb
systems on "loalized" and "deloalized" ones. In the last ase the harged partiles an spread on the whole volume
of the onsidering system.
In the opposite to (16) limiting ase
4pi
TV
< Z2 >→∞, κ2 →∞, (18)
Rscr → 0. (19)
If in the respetive thermodynami state the penetration length Rscr for the eletrostati eld tends to zero the system
an be treated not simply as in the "metalli" state but as an "ideal" ondutor. In this limiting ase the eletrostati
eld annot penetrate in the matter at all (in the limiting interpretation, naturally).
Meanwhile the question arises on the relation between the true "dieletri"and "ideal"ondutor from one side
and the stati ondutivity σst for the Coulomb system. In this onnetion we have notie that aording to the
perturbation theory of the diagram tehnique for Coulomb systems [2,3℄ the harged partiles interat by the the
sreening Coulomb potential Uscra b
Uscra b (q) =
4pizazbe
2
q2ε(q, 0)
, (20)
whih is similar to (1).
In the ase when the limiting onditions (16) are fullled the interation potential Uscra b (q) for small q (or for large
distanes) is similar to the initial Coulomb potential. Therefore, one an suggest that the harged partiles form the
olletive "loalized" state with the ondutivity σst equals to zero.
In the opposite limiting ase (18) the initial Coulomb potential is suppressed and one an suggest that the harged
partiles are in the fully "deloalized" state with the ondutivity σst tends to innity.
Therefore, we an assert, that the representation of the dieletri permittivity ε(q, 0) in the region of small wave
vetors q in the form Eq. (10) is universal and an be used for desription of the Coulomb system in both, the
"metalli" and the "dieletri" states of matter. The parameter < Z2 > /V , hanging from 0 to ∞, determines the
the variety of the states of the Coulomb system - from the state of the "true" dieletri and till the state of the "ideal"
ondutor.
2. The analysis performed above is referred to the Coulomb systems with two or more omponents of harged
partiles and to strong inter-partile interation. Sine theoretial desription of these systems is diult, the exat
relations for the orrelation funtions of suh systems are very important and useful.
Aording to Eqs. (2),(3),(10),(13) for the small values of wave vetors q for the stati dieletri funtion ε(q, 0) the
inequality
ε(q, 0) > 1, (21)
is fullled.
As shown in [12-14℄ from the inequality (21) follows , that the dieletri permittivity ε(q, ω) satises to the Kramers-
Kronig relations
Reε(q, ω) = 1 + P
∫
∞
−∞
Imε(q, ξ)
pi
dξ
ξ − ω
, (22)
4Imε(q, ω) = −P
∫
∞
−∞
Reε(q, ξ)− 1
pi
dξ
ξ − ω
. (23)
Symbol P means that we onsider the main value of the integral. From (22) taking into aount the relations [6℄:
Reε(q, ω) = Reε(q,−ω), Imε(q, ω) = −Imε(q,−ω) (24)
Imε(q, ω) > 0 for ω > 0 (25)
is easy to see [15℄ that for the moments mn(q) of the high-frequeny (ω →∞) expansion of the funtion Reε(q, ω)
Reε(q, ω) = 1−
∞∑
n=1
mn(q)
ω2n
, (26)
is fullled the ondition
mn(q) =
2
pi
∫
∞
0
ξ2nImε(q, ξ)dξ. (27)
Aording to the given above onsideration the inequality (27) is true in the long wavelength limit (q → 0) for an
arbitrary thermodynami parameters in homogeneous and isotropi Coulomb system.
Let us use for further onsideration the expressions for two rst momenta m1(q) and m2(q) [16,17℄
m1(q) = ω
2
p, (28)
m2(q) =
∑
a
ω2a
{
2Taq
2
ma
+
~
2q4
4m2a
}
+
∑
a ,b
(nanb)
1/2
∫
∞
0
k2(Sa b(k)− δa, b)
×
{
z2az
2
be
4
mamb
[
(q2 − k2)2
kq3
ln |
q + k
q − k
| −
2k2
q2
+ 6
]
−
8z3azbe
4
3m2a
}
dk, (29)
Here Ta is the exat average kineti energy referred to one partile of the sort a, Sa, b(q) - the stati struture fator
for the partiles of the speies a and b, whih is onneted with the pair orrelation funtion ga, b(r),
Sa b(q) = δa,b + (nanb)
1/2
∫
exp(iqr){ga b(r) − 1}dr (30)
ωp is the plasma frequeny of the Coulomb system, ωa is the plasma frequeny of the harges of the sort a
ωa =
(
4piz2ae
2na
ma
)1/2
, ωp =
(∑
a
ω2a
)1/2
. (31)
For derivation of the relation (29) we used the potentials of the Coulomb inter-partile interation
ua b(q) =
4pizazbe
2
q2
. (32)
From (29) follows [15℄
m2(0) = lim
q→0
m2(q) =
8
3
∑
a b
(nanb)
1/2
{
z2az
2
be
4
mamb
−
z3azbe
4
m2a
}∫
∞
0
k2Sa b(k)dk (33)
In the partiular ase of the two-omponent Coulomb system, onsisting the eletrons (index e) and nulei (index c),
from (33) under the quasi neutrality ondition (4) we arrive at the expression
m2(0) =
ω4e
3
(
1 +
zcme
mc
)
{ge c(0)− 1} (34)
5Therefore, aording to (27) in the homogeneous and isotropi two-omponent Coulomb system the inequality
ge c(0) ≥ 1 (35)
has to be fullled for the arbitrary thermodynami parameters.
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